The class of elementary totally disconnected groups is the smallest class of totally disconnected, locally compact, second countable groups which contains all discrete countable groups, all metrizable pro-finite groups, and is closed under extensions and countable ascending unions. To each elementary group G, a (possibly infinite) ordinal number crk(G) can be associated, its constructible rank. By a structure theorem of Phillip Wesolek, elementary p-padic Lie groups are among the basic building blocks for general σ-compact p-adic Lie groups. We characterize elementary p-adic Lie groups in terms of the subquotients needed to describe them. The characterization implies that every elementary p-adic Lie group has finite constructible rank.
Introduction and statement of the main results
By a theorem of Ph. Wesolek, every σ-compact p-adic Lie group G admits a series {1} ✁ C ✁ S ✁ G of closed subgroups such that G/S is finite, S/C is a finite direct product of non-discrete, compactly generated, topologically simple p-adic Lie groups, and C is elementary (cf. [12, Theorem 1.2] ). In this sense, elementary p-adic Lie groups are among the basic building blocks for general σ-compact p-adic Lie groups. It is therefore desirable to improve the understanding of such groups.
We recall the definition of the constructible rank of an elementary group from [10] . Let Σ 0 be the class of all topological groups which are countable and discrete or metrizable and pro-finite. If λ > 0 is an ordinal number and Σ µ has been defined for all µ < λ, set Σ λ := µ<λ Σ µ if λ is a limit ordinal. If λ has a precursor µ, let Σ λ be the class of all topological groups such that (a) G has a closed normal subgroup N such that N, G/N ∈ Σ µ , or (b) G = n∈N V n for open subgroups V n ⊆ G such that V n ∈ Σ µ for all n ∈ N. The constructible rank crk(G) of an elementary group G is defined as the minimum ordinal λ such that G ∈ Σ λ .
Given a prime number p, let Q p be the field of p-adic numbers and Z p be the ring of p-adic integers. The p-adic Lie groups we consider are finitedimensional analytic p-adic Lie groups as in [8] . We call a p-adic Lie group G linear if it admits an injective continuous homomorphism G → GL n (Q p ) for some n. But linearity will not be assumed unless the contrary is stated. We say that a topological group G is nearly simple if every subnormal subgroup of G is open or discrete. If G is a p-adic Lie group, we write L(G) := T 1 (G) for its Lie algebra (the tangent space at the identity element 1 ∈ G). As usual, Ad G : G → Aut(L(G)) is the adjoint representation, with kernel ker Ad G .
We say that a p-adic Lie group G is extraordinary if G is nearly simple, G = ker Ad G (whence L(G) is abelian) but the commutator group S ′ is nondiscrete for each open subnormal subgroup S ⊆ G. Then G is non-discrete and non-abelian, in particular.
The author does not know whether extraordinary p-adic Lie groups exist (Remark 3.2). Linear Lie groups cannot be extraordinary (Remark 3.4).
Since discrete groups need not admit composition series, also p-adic Lie groups need not admit composition series (in terms of closed subnormal subgroups). Yet, they admit series which are close to such (Proposition 2.2). Our first main result is a structure theorem for general p-adic Lie groups, which describes the nearly simply subquotients needed to build up such groups.
Theorem A. For every p-adic Lie group G, there exists a series
of closed subgroups of G such that each of the subfactors Q j := G j−1 /G j for j ∈ {1, . . . , n} has one of the following mutually exclusive properties:
(c) Q j is extraordinary; (d) Q j is isomorphic to a compact open subgroup of Aut(s) for a simple p-adic Lie algebra s; or (e) Q j is topologically simple, compactly generated, non-discrete, and isomorphic to an open subgroup of Aut(s) for a simple p-adic Lie algebra s.
We also obtain the following characterization:
Theorem B. A p-adic Lie group G is elementary if and only if it admits a series
(a) Q j is countable and discrete;
(c) Q j is extraordinary and σ-compact; or (d) Q j is isomorphic to a compact open subgroup of Aut(s) for a simple p-adic Lie algebra s.
The preceding characterization implies:
Theorem C. Every elementary p-adic Lie group has finite constructible rank.
In fact, if G is such a group and G = G 0 ✄ G 1 ✄ · · · ✄ G n = {1} a series as in Theorem B, then crk(G) ≤ n + 2e, where e ∈ N 0 is the number of indices j ∈ {1, . . . , n} for which G j−1 /G j is extraordinary.
We also provide a number of illustrating examples and some related results for Lie groups over other fields.
Terminology, notation and basic facts
We shall write N := {1, 2, . . .} and N 0 := N∪{0}. If G is a group, we write G ′ for its commutator group and G (n) := (G (n−1) ) ′ for the terms of the derived series, with G (0) := G. We write Aut(g) for the group of automorphisms of a Lie algebra g, and define ad(x) : g → g, y → [x, y] for x ∈ g. Recall the definition of the adjoint representation: If G is a p-adic Lie group and g ∈ G, one considers the inner automorphism I g : G → G, I g (x) := gxg −1 and defines Ad G (g) := L(I g ) := T 1 (I g ) as the associated Lie algebra automorphism (the tangent map of I g at 1). Then Ad G : G → Aut(L(G)) is continuous and L(Ad G )(x) = ad(x) for each x ∈ L(G)(see [3] ). Thus ad(x) = 0 for all x ∈ g and thus L(G) is abelian whenever Ad G (g) = id g for all g ∈ G (e.g., if G is extraordinary). As usual, a topological group G is called compactly generated if it has a compact generating set. It is called topologically simple if G = {1} and G does not have closed normal subgroups other than {1} and G. An automorphism of a topological group G is a group automorphism which is a homeomorphism. A subgroup H ⊆ G is called topologically characteristic if α(H) = H for each automorphism of the topological group G. The radical R(G) of a (Hausdorff) topological group G is defined as the union of all closed, normal, soluble subgroups.
We shall use a fact which is immediate from classical work by H. Bass: Lemma 1.1 Let K be a totally disconnected local field, O ⊆ K be the maximal compact subring, n ∈ N and G ⊆ GL n (K)) be a subgroup with the following properties:
(a) Every g ∈ G generates a relatively compact subgroup of GL n (K);
Proof. Let tr : M n (K) → K be the trace on the algebra of n × n-matrices, and |.| be an ultrametric absolute value on K defining its topology. For each g ∈ G, the subgroup K := g of GL n (K) is compact by hypothesis. Hence K is conjugate to a subgroup of GL n (O) (see Proof. We may assume that G ⊆ GL n (Q p ) for some n (such that the Lie group topology on G is finer than the induced topology). Using the next lemma, we can copy the proof of [5, Lemma 6.4 ] to see that L(R(G)) = r. For every soluble closed normal subgroup N ⊆ G, the closure N in GL n (Q p ) is normal in G and soluble. Hence R(G) ⊆ R(G). Since R(G) is soluble (see [5, p. 20 ]), we deduce that also R(G) is soluble. ✷ Lemma 1.4 Let K be an infinite field, n ∈ N and G ⊆ GL n (K) be a subgroup, endowed with a topology making it a topological group 2 which has an open subgroup which is soluble (resp., nilpotent). Then G has an open normal subgroup which is soluble (resp., nilpotent).
Proof. We can copy the proof of [5, Lemma 6.1] . ✷ Remark 1.5 As we do not restrict our attention to p-adic Lie groups which are linear, we have to face certain difficulties:
(a) The radical of a p-adic Lie group need not be soluble. For example, for each n ∈ N we can choose a soluble group H n with (H n ) (n) = {1} and define G as the group n∈N H n of all (h n ) n∈N ∈ n∈N H n such that h n = 1 for all but finitely many n (endowed with the discrete topology).
is not soluble, then it is not clear whether G/R(G) has trivial radical.
(d) If G is not linear, then we do not know whether L(R(G)) must coincide with the radical of L(G). If extraordinary p-adic Lie groups exist, then the answer is negative. 
Structural results on p-adic Lie groups
In this section, we provide auxiliary results on p-adic Lie groups which will help us to prove the main theorems.
Definition 2.1 We say that a topological group G is nearly simple if every closed subnormal subgroup S ⊆ G is open in G or discrete.
In this section, we prove four propositions. The first one provides series which can later be refined further to obtain Theorems A and B.
Proposition 2.2 Every p-adic Lie group G admits a series
of closed subgroups G j such that G j−1 /G j is nearly simple for all j ∈ {1, . . . , n}.
The second proposition provides information on nearly simple groups. G has an open, topologically characteristic, non-compact subgroup M which is topologically simple, non-discrete, and compactly generated.
If, moreover, G is elementary, then (a) holds.
The next proposition provides vital information on extraordinary groups.
by the preceding. By Baire's category theorem, C G (V N ) is open in G for some N. After passage to a subsequence, we may therefore assume that 
Proof. If S ⊆ G is a closed subnormal subgroup, we find a series
After replacing each G j with its closure, we may assume without loss of generality that all of G 0 , . . . , G k are closed. ✷ Lemma 2.10 If a p-adic Lie group G has dimension dim(G) ≤ 1 or its Lie algebra g := L(G) is simple, then G is nearly simple.
Proof. If dim(G) = 0, then G (and hence every subgroup of G) is discrete. If dim(G) = 1, then every closed subgroup of G has dimension 1 (in which case it is open) or dimension 0 (in which case it is discrete).
If g is a simple Lie algebra and N ⊆ G a non-discrete closed normal subgroup, then L(N) is a non-zero ideal in g and thus L(N) = g, entailing that N is open in G. If S ⊆ G is a closed subnormal subgroup, we find a series Induction step. Assume that dim(G) ≥ 2 and G is not nearly simple. Then there exists a closed subnormal subgroup S of G which is neither open in G nor discrete. Thus 0 < dim(S) < dim(G). Since S is subnormal, we find a series G = G 0 ✄ G 1 ✄ · · · ✄ G k = S of closed subgroups (see Lemma 2.9). We may assume that S has been chosen such that dim(S) is maximal. Hence G 1 , . . . , G k−1 are open in G and thus G j−1 /G j is discrete (and hence nearly simple) for all j ∈ {1, . . . , k − 1}. Also Q := G k−1 /G k is nearly simple. To see this, let q : G k−1 → Q be the canonical quotient map. If the assertion was false, we could find a closed subnormal subgroup T ⊆ Q such that 0 < dim(T ) < dim(Q). Thus R := q −1 (T ) would be a closed subnormal subgroup of G with dim(G k ) < dim(T ) < dim(G), contradicting the maximality of dim(S). Since dim(G k ) < dim(G), by induction we have a series 
is a non-discrete, closed normal subgroup of G (and thus open) such that H
′ is discrete (which contradicts the hypothesis of Case 2). Thus indeed R(Q) is discrete. Since L(Q) = g and Ad Q •q = Ad G , where q is surjective and the kernel is ker Ad G only, we deduce that Ad Q is injective. In particular, Q is a linear p-adic Lie group. Let r be the radical of g = L(Q). Since Q is a linear p-adic Lie group, the discreteness of R(G) implies r = {0} (see Lemma 1.3). Thus g is semisimple. If S ⊆ Q is a non-trivial closed subnormal subgroup, then Lemma 2.9 provides a series
of closed subgroups of Q. Then Q j is open in Q or discrete, for each j ∈ {0, . . . , k}. We show by induction on j that Q j is open in Q. Since Q 0 = Q, this is trivial if j = 0. If j > 0 and Q j−1 is open in Q, let us show that also Q j is open in Q. If not, then Q j was discrete and thus P := Q j−1 /Q j would be a group with Lie algebra g. Let p : Q j−1 → P be the quotient map. Then Ad P • p = Ad Q j−1 where Ad Q j−1 = Ad Q | Q j−1 is injective. As a consequence, p must be injective and thus Q j = {1}, contrary to Q j ⊇ S = {1}. Hence Q j is open in Q and thus also S = Q k is open, by induction.
It only remains to show that g is simple. Write g = s 1 ⊕ · · · ⊕ s m with simple ideals s 1 , . . . , s m . Let W ⊆ Aut(g) be the group of all φ ∈ Aut(g) such that φ(s j ) = s j for all j ∈ {1, . . . , m}. Then W is a normal subgroup of finite index in Aut(g) (complemented by a finite group of permutations). As a consequence, V := Ad
is an open normal subgroup in Q. We identify W with Aut(s 1 ) × · · · × Aut(s m ) and let π j : W → Aut(s j ) be the canonical projection. Let exp be an exponential function for V (see [3] ). If we had m ≥ 2, we would have
for all x in a 0-neighbourhood in s j and all y ∈ s k , showing that
Hence m = 1 and thus g = s 1 is simple. We have all of (d). ✷ Proof of Proposition 2.4. Since Ad G : G → Aut(g) is an injective continuous homomorphism and L(Aut(g)) ∼ = g, we see that Ad G isétale (i.e., a local diffeomorphism). Being also injective, Ad G is an isomorphism of Lie groups onto an open (and hence closed) subgroup of Aut(g). Let G † be the Tits core of G, i.e., the subgroup generated by the contraction groups
for g ∈ G (which are closed since G is a p-adic Lie group [9] ), as in [4] . Then G † is topologically characteristic in G and hence so is its closure
Case 1: M = {1}. Then G † = {1}, whence U g = {1} for each g ∈ G and thus s G (g) = 1, i.e., the scale function s G : G → N (as defined in [13] ) is identically 1 (cf. [2, Proposition 3.21 (3)]). Then each eigenvalue of Ad G (g) in an algebraic closure of Q p has absolute value 1 (see [6, Corollary 3.6] ). This entails that Ad G (g) is an isometry for some choice of ultrametric norm on g (see Lemma 3.3 in [6] and its proof). As a consequence, the subgroup generated by Ad G (g) is relatively compact. Since Ad G (G) is closed, we deduce with Lemma 1.1 that Ad G (G) is compact. We have (a).
Since each non-trivial contraction group U g is non-discrete, also M is non-discrete. We show that M is topologically simple. If N ⊆ M is a non-trivial closed normal subgroup, then N is subnormal in G. Hence N is open in G. If g ∈ G and x ∈ U g , then g n xg −n ∈ N for some n ∈ N. Thus x ∈ g −n Ng n = N (using that N is normal). Thus G † ⊆ N and thus M ⊆ N (as N is closed). Thus N = M and topological simplicity is established. Finally, by [5, Proposition 6.5] , there exists a group R := S(Q p ) of Q p -rational points of a simple isotropic Q p -algebraic group S such that M ∼ = (R † ) n /Z for some n ∈ N and closed central subgroup Z ⊆ (R † ) n . Since R † is compactly generated [7, Chapter I, Corollary 2.3.5], also M is compactly generated.
To complete the proof, recall that an elementary group that is topologically simple and compactly generated must be discrete [10, Theorem 4.6] . If M is as in (b) and G is elementary, then also the closed subgroup M is elementary (see 1.6). Since M is non-discrete, this contradicts the preceding fact. Induction step. If m > 1, we have a series G/H 1 = P 0 ✄P 1 ✄· · ·✄P k = {1} of the desired form (by the case m = 1). We let q : G → G/H 1 be the quotient map and define G j := q −1 (P j ) for j ∈ {0, . . . , k}. Also, by the case m − 1 we have a series
Lemma 3.1 Let G be an elementary group and G = G 0 ✄G 1 ✄· · ·✄G n = {1} be a series of closed subgroups. Then G j and Q j := G j−1 /G j are elementary for all j ∈ {1, . . . , n},
and crk(G n−1 ) = crk(Q n ). In particular, crk(G) is finite if crk(Q j ) is finite for all j ∈ {1, . . . , n}. 
would be an open subnormal subgroup of G such that H ′ = N (k+1) is discrete, contradicting the fact that G is assumed to be axtraordinary.
Remark 3.4 A linear p-adic Lie group G cannot be extraordinary because L(R(G)) would be the radical of L(G) in this case (by Lemma 1.3) and thus L(R(G)) = L(G) (as L(G) is abelian). Since R(G) is discrete (see Remark 3.3), L(G) = {0} would follow and thus G would be discrete (contradicting the hypothesis that G is extraordinary).
Remark 3.5 For G an elementary p-adic Lie group, there is no clear relation between the dimension of G and its constructible rank. E.g., 0 = crk(G) < dim(G) for each non-discrete compact p-adic Lie group G. Conversely, consider Q p ⋊ Z with 1 ∈ Z acting by the automorphism Q p → Q p , z → pz. Then crk(G) ≤ 2 by construction and in fact crk(G) = 2 > 1 = dim(G). In fact, crk(G) = 0 since G is neither compact nor discrete. If we had crk(G) = 1, then either G would be an extension N → G → Q where N and Q are compact or discrete (each of these four possibilities can be ruled out), or G would be an ascending union of open subgroups of constructible rank 0, which therefore have to be compact (being non-discrete): Also this is impossible (since Z is a quotient of G).
Nearly simple Lie groups over other fields
Some of the above results are independent of the ground field of p-adic numbers. In this section, we let (K, |.|) be a complete valued field on which |.| defines a non-discrete topology. We consider finite-dimensional analytic Lie groups over (K, |.|), as in [8] . A subgroup S ⊆ G is called a Lie subgroup if it is an embedded submanifold. Such subgroups are closed, in particular.
Definition 4.1 Let G be an analytic Lie group over K. We say that a Lie subgroup S ⊆ G is Lie subnormal if there exists a series
of Lie subgroups G j of G j−1 for j ∈ {1, . . . , k}. We say that G is nearly Lie simple if every Lie subnormal subgroup S ⊆ G is discrete or open.
The next proposition can be proved exactly as Proposition 2.2, except that closed subgroups need to be replaced with Lie subgroups. Proposition 4.2 Every analytic Lie group G over K admits a series
of Lie subgroups G j with G j−1 /G j nearly Lie simple for all j ∈ {1, . . . , n}. ✷
